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Abstract
The unital AM-spaces (AM-spaces with strong order unit) CDw(X) are introduced and studied in
[Y.A. Abramovich, A.W. Wickstead, Remarkable classes of unital AM-spaces, J. Math. Anal. Appl.
180 (1993) 398–411] for quasi-Stonean spaces X without isolated points. The isometries between
these spaces are studied in [Y.A. Abramovich, A.W. Wickstead, A Banach–Stone theorem for new
class of Banach spaces, Indiana Univ. Math. J. 45 (1996) 709–720]. In this paper for a compact Haus-
dorff space X we give a description of the Kakutani–Krein compact Hausdorff space of CDw(X)
in terms of X × {0,1}. This construction is motivated from the Alexandroff Duplicate of X, which
we employ to give a description of the isometries between these spaces. Under some certain condi-
tions we show that for given compact Hausdorff spaces X and Y there exist finite sets A ⊂ iso(X)
and B ⊂ iso(Y ) such that X \A and Y \ B are homeomorphic whenever CDw(X) and CDw(Y ) are
isometric. This is a generalization of one of the main results of [Y.A. Abramovich, A.W. Wickstead,
A Banach–Stone theorem for new class of Banach spaces, Indiana Univ. Math. J. 45 (1996) 709–
720]. In Example 10 of [Y.A. Abramovich, A.W. Wickstead, A Banach–Stone theorem for new class
of Banach spaces, Indiana Univ. Math. J. 45 (1996) 709–720] an infinite quasi-Stonean space has
been constructed with some certain properties. We show that the arguments in this example are true
for any infinite quasi-Stonean space. In particular, we show that Proposition 11 of [Y.A. Abramovich,
A.W. Wickstead, A Banach–Stone theorem for new class of Banach spaces, Indiana Univ. Math. J.
45 (1996) 709–720] is incorrect (but does not affect the main result) of [Y.A. Abramovich, A.W.
Wickstead, A Banach–Stone theorem for new class of Banach spaces, Indiana Univ. Math. J. 45
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612 Z. Ercan, S. Onal / J. Math. Anal. Appl. 313 (2006) 611–631(1996) 709–720]. Finally, we show that for each infinite quasi-Stonean space X there exists a bijec-
tion f :X → X such that f (U)∆U is at most countable for each clopen set U and {x: f (x) = x} is
uncountable. This answers the conjecture in [Y.A. Abramovich, A.W. Wickstead, A Banach–Stone
theorem for new class of Banach spaces, Indiana Univ. Math. J. 45 (1996) 709–720] in the negative
in a more general setting.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
This work essentially generalizations of the works [3,4,7,11].
For a topological space X and a topological vector space E, the space of E-valued con-
tinuous functions on X is denoted by C(X,E). Similarly Cb(X,E) stands for bounded
functions in C(X,E). If E = R, we write C(X) and Cb(X) instead of C(X,E) and
Cb(X,E), respectively. We refer to [1,5,6] for unexplained definitions and notations in
Riesz spaces theory. For topological spaces we refer to [10]. Let E be a unital AM-space.
Then there exists a unique (up to an homeomorphism) compact Hausdorff space X such
that E and C(X) are isometrically Riesz isomorphic. This is known as the Kakutani–Krein
representation of E and X is called the Kakutani–Krein compact space of E. Recall that
the Stone–Cech compactification of a topological space X is the Kakutani–Krein compact
space of the AM-space Cb(X) and it is denoted by βX. If X is completely regular Haus-
dorff space then X is embedded into βX as dense.
2. The main definitions
This section is divided into three parts, all containing results are needed to prove the
main theorems in the paper which were promised in the summary. In the first part we
recall the spaces CD0(X) and CDw(X) and we generalize them. In Section 2.2, we intro-
duce countable Alexandroff Duplicate Aw(X) of a topological space X and study its basic
properties, which are used to describe the Kakutani–Krein space of CDw(X)-space. In Sec-
tion 2.3, we introduce notions m-accumulation point (a similar notion may be known) and
w1-limit separation property with some of its properties.
2.1. CD0(X) and CDw(X)-spaces
Let X be a quasi-Stonean space (compact Hausdorff space and the closure of Fσ -open
sets are also open) without isolated points. The remarkable unital AM-spaces (under point-
wise order and supremum norm)
CD0(X) = C(X)⊕ c0(X) and CDw(X) = C(X)⊕ l∞w (X)
are studied in [3] as Banach lattices, where for a nonempty set S, l∞w (S) is the space of real
valued bounded functions on S with countable support and c0(S) is the space of real valued
bounded functions f on S such that {s: |f (s)| > } is finite for each  > 0. For a topo-
logical Riesz space E, c0(S,E) and l∞w (S,E) are defined similarly. In this case a function
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hood U of zero in E. Some important applications of spaces CD0(X) and CDw(X) can
be found in [2]. We refer to [3,4,7] for more on these spaces. The spaces CD0(X) and
CDw(X) are generalized for Banach lattice valued functions on arbitrary compact Haus-
dorff spaces and studied in [7]. In [11] the Kakutani–Krein compact space of the CD0(X)
space is given. More precisely a compact Hausdorff space A(X) has been constructed on
X×{0,1} such that CD0(X) and C(A(X)) are isometrically Riesz isomorphic. One of the
aim of this paper is to construct a completely regular Hausdorff space Aw(X) on X×{0,1}
such that CDw(X) and Cb(Aw(X)) spaces are isometrically Riesz isomorphic spaces. The
Stone–Cech compactification βAw(X) of Aw(X) is the Kakutani–Krein compact Haus-
dorff space of CDw(X).
The class of AM-spaces CDw(X) can be generalized for arbitrary topological spaces
(without any assumption on isolated points or compactness) as follows.
Theorem 1. Let X be a topological space and E be a locally solid Riesz space. Then
Cb(X,E)× l∞w (X,E) is:
(i) a Riesz space under the order
0 (f, d) ⇔ 0 f (x) and 0 f (x)+ d(x) for all x ∈ X;
(ii) a Banach lattice under the norm∥∥(f, d)∥∥= sup{∥∥f (x)+ rd(x)∥∥: (x, r) ∈ X × {0,1}}
whenever E is a Banach lattice;
(iii) Cb(X) × l∞w (X) is a AM-space with order unit e = (1,0), where 1 is unit function
on X.
To proof of the above theorem is more or less routine. It is also easy to see that the
spaces CDw(X,E) and C(X,E)× l∞w (X,E) are isometrically Riesz isomorphic for com-
pact Hausdorff space X without isolated points and a Banach lattice E under the operator
T :C(X,E)× l∞w (X,E) −→ CDw(X,E), T (f, d)= f + d.
If h = (f,p) ∈ C(X,E)× l∞w (X,E) we may write hc = f and hd = p. For a topological
space X and locally solid Riesz space E we also denote the space Cb(X,E) × l∞w (X,E)
by CDw(X,E). In particular we write CDw(X) instead of CDw(X,R).
Throughout this paper the set of isolated points of a topological space X is denoted
by iso(X). The closure of a subset A of a topological space X is denoted by clX(A) (or
shortly by cl(A) if there is no confusion). In particular, if A is a subset of completely
regular Hausdorff space X we write clβ(A) instead of clβX(A), where βX is the Stone–
Cech compactification of X. If the topological spaces X and Y are homeomorphic then
sometimes we write X 	 Y .
2.2. Alexandroff Duplicate and countable Alexandroff Duplicate
We introduce two key definitions of this paper as follows.
Definition 2. Let X be a topological space. Then the topological space on X × {0,1}
generated by
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H × {1}: H ⊂ X}∪ {U × {0,1} −M × {1}: U open and M countable}
is called the countable Alexandroff Duplicate of X and it will be denoted by Aw(X).
The construction of Aw(X) is motivated from the Alexandroff Duplicate (or double
circumference of Alexandroff) [9] of a compact Hausdorff space X. Recall that the Alexan-
droff Duplicate A(X) of a compact Hausdorff space X is a compact Hausdorff space which
is generated by the sets M ×{1}, U ×{0,1} \F ×{1}, where M,U,F ⊂ X with F is finite
and U is open in X (see also [14, p. 1010]).
Let X be a topological space. Then we use the following notations:
X0 = X × {0}, X1 = X × {1} and X2 = βAw(X) \Aw(X)
if Aw(X) is completely regular Hausdorff space. It is easy to see that:
(i) X0 is closed in Aw(X).
(ii) The canonical bijection (x,0) → x from X0 onto X is a homeomorphism, so X and
X0 are homeomorphic spaces.
(iii) Each subset A of X1 is open.
(iv) Each countable subset A of X1 is clopen.
(iv) X is Hausdorff if and only if Aw(X) is Hausdorff.
(v) Aw(X) is compact if and only if X is finite.
2.3. w1-limit separation property
The cardinal number of a set A will be denoted by card(A). Recall that a well-ordered
set α is called an ordinal if i ∈ j whenever i < j in α. Most of the time a map f on
an ordinal is called a sequence. As usual w0 denotes the first infinite ordinal. The first
uncountable ordinal will be denoted by w1, that is,
w0 = {α: α is a finite ordinal} = N
and
w1 = {α: α is a countable ordinal}.
Definition 3. Let I be a set and X be a topological space. Let α : I → X be a function and
m be a cardinal number. A point x ∈ X is called m-accumulation point of α if for each
open set U containing x,
card
({
i ∈ I : α(i) ∈ U})m.
Recall that a topological space X is called Lindelöf if each cover of X has a countable
subcover. Let X be a Lindelöf space. Then it is easy to see that each function f :w1 → X
has a w1-accumulation point.
For a characterization of functions on Aw(X) with some certain properties and a Riesz
homomorphism between them we introduce the following notion. This will be used to
show that the proposition in [4] is incorrect and to answer the conjecture in [4] in a more
general setting. For a function f on a set X and A ⊂ X, f |A denotes the restriction of f
to the set A.
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given functions α,β :w1 → X with α(i) = β(i) for each i ∈ w1 there exists an uncountable
subset A of w1 such that the functions α|A and β|A have no common w1-accumulation
point.
Recall that a topological space X is said to have Gδ diagonal property if there exists a
sequence (On) of open subsets of X ×X such that
∆X =
{
(x, x): x ∈ X}=⋂
n
On.
Theorem 5. Let X be a regular Hausdorff space which has Gδ-diagonal property. Then X
has w1-limit separation property.
Proof. Let (On) be a sequence of open subsets of X ×X such that
∆X =
{
(x, x): x ∈ X}=⋂
n
On.
Let α,β :w1 → X be two w1-sequence with α(i) = β(i) for each i ∈ w1. Then{(
α(i), β(i)
)
: i ∈ w1
}∩∆X = ∅.
So, there is n ∈ N and an uncountable subset A of w1 such that{(
α(i), β(i)
)
: i ∈ A}∩On = ∅.
If α|A has no w1 accumulation point there is nothing to prove. Otherwise, let p be a
w1-accumulation point of α|A. Then there exist open sets U and V containing p such
that
cl(V ) ⊂ U and U ×U ⊂ On
and
B = {i ∈ A: α(i) ∈ V }
is uncountable. Then
α(B) ⊂ V and cl(α(B))⊂ cl(V ) ⊂ U
and (α(i), β(i)) /∈ U ×U for each i ∈ B . This shows that β(B) ⊂ Uc. Then
cl
(
α(B)
)∩ cl(β(B))= ∅.
Hence they have no common w1-accumulation point, so X has w1-limit separation prop-
erty. 
As metrizable spaces have Gδ-diagonal property we have the following corollary.
Corollary 6. Metrizable spaces have w1-limit separation property.
Let X be a topological space. Recall that a w1-sequence α :w1 → X converges to x ∈ X
if for each open set U with x ∈ U there exists i ∈ w1 such that α(j) ∈ U for each i < j .
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w1-sequence γ :w1 → X then X has no w1-limit separation property.
Proof. Let γ :w1 → X be a injection w1-sequence. Define α,β :w1 → X with
α(i + n) = γ (i + 2n) and β(i + n) = γ (i + 2n+ 1)
for each limit ordinal i ∈ w1, n ∈ w0. Then α(i) = β(i) for each limit ordinal i ∈ w1 and
α,β do not have w1-limit separation property since for each uncountable subset A of w1,
the limit of γ is a common w1-accumulation point of α|A and β|A. This completes the
proof. 
The following lemma characterizes the topological spaces with w1-property in terms of
injective sequences, which will be related to the conjecture in [4].
Theorem 8. Let X be a completely regular Lindelöf Hausdorff space. The followings are
equivalent.
(a) X has w1-limit separation property.
(b) If f :X → X is injective and for each Fσ -open set U , card(f (U) \ U)  N 0 then
card({x: f (x) = x})N0.
(c) Let f :X → X be given. If for each Fσ -open set U , card(f (U)∆U)  N0 then
card({x: f (x) = x})N0.
(d) Let f :X → X be a injective. If for each Fσ -open set U , card(f (U)∆U) N0 then
card({x: f (x) = x})N0.
(e) Let α,β :w1 → X be injective sequences with α(i) = β(i) for each i ∈ w1. Then
there exists uncountable set A ⊂ w1 such that one has α|A and β|A have no common
w1-accumulation point.
Proof. The implication of (c) ⇒ (d) and (b) ⇒ (d) are obvious.
(d) ⇒ (e). For this we show that the negation of (e) implies the negation of (d). Let
α,β :w1 → X be two injective w1-sequences with α(i) = β(i) for each i ∈ w1 such that
for each uncountable set A ⊂ w1 with α|A and β|A have common w1-accumulation point.
Define f :X → X by
fβ = α, f α = β, and f (z) = z if z /∈ α(w1)∪ β(w1).
Then f is bijection and{
z: f (z) = z}= α(w1)∪ β(w1)
is uncountable. Let U be a Fσ -open. Then
card
(
U∆f (U)
)
N0.
Indeed, suppose that card(U∆f (U)) N0. Then
N0 < card
(
U \ f (U)) or N0 < card(f (U) \U).
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As
U \ f (U) ⊂ α(w1)∪ β(w1)
there is uncountable set A ⊂ w1 such that
α(A) ⊂ U, β(A) ⊂ Uc or β(A) ⊂ U, α(A) ⊂ Uc
and
β(i) = f α(i) /∈ U for each i ∈ A.
Since U is Fσ -open there is an uncountable set B ⊂ A and a closed set F ⊂ U such that
α(B) ⊂ F and β(B) ⊂ Uc.
This contradicts the negation of (e). Hence card(U∆f (U))N0 for each Fσ -open set U .
This is the negation of (d) and completes the proof.
(a) ⇒ (b). Suppose that (a) holds and {x: f (x) = x} is uncountable for some injective
map f :X → X with card(f (U) \ U) N0 for each Fσ -open set U . Choose a sequence
α :w1 → {x: f (x) = x} such that α(i) = α(j) for each i < j < w1. As X has w1-limit
separation property there exists an uncountable A ⊂ w1 such that α|A and f α|A have
no common w1-accumulation point. Since X is Lindelöf there exists an w1-accumulation
point x ∈ X of α|A and so x is not w1-accumulation point of f α|A. Let U be a Fσ -open
such that x ∈ U and {i ∈ A: f α(i) ∈ U} is countable. As x ∈ U and x is w1-accumulation
point there exists an uncountable set B ⊂ A such that α(B) ⊂ U . We can assume that
f (xi) /∈ U for each i ∈ B . Then
f
(
α(B)
)⊂ f (U) \U.
As f is an injection the set f α(B) is uncountable. Hence f (U) \ U is uncountable. This
completes the proof.
(a) ⇒ (c). Suppose that (a) holds. Let f :X → X be a function such that f (U)∆U is
countable for each open Fσ -set U .
Let Y = {x: f (x) = x} and suppose that Y is uncountable. The following two cases
completes the proof.
Case 1. f (Y ) is uncountable. Then as in the case of (a) ⇒ (b) we can find yi ∈ f (Y ),
i ∈ w1 with yi = yj whenever i = j and xi ∈ Y such that f (xi) = yi . As following the
arguments in the proof of (a) ⇒ (b) have a contradiction so Y is countable.
Case 2. f (Y ) is countable. Then Y \ f (Y ) is uncountable and
X \ f (X) ⊂ Y \ f (Y ).
Then X∆f (X) is uncountable. Thus is a contradiction since U∆f (U) is countable for each
open Fσ -set U .
So, Y is countable for each cases.
618 Z. Ercan, S. Onal / J. Math. Anal. Appl. 313 (2006) 611–631(e) ⇒ (a). Suppose that (e) holds. Let
α,β :X → X, α(i) = β(i), for each i ∈ w1.
Then there exists an uncountable set A ⊂ w1 set such that the following three cases occur.
Case 1. α|A,β|A are constant. Then we have disjoint open sets U and V with α(a) ⊂ U
and β(A) ⊂ V .
Case 2. α|A,β|A are injective. It follows from the assumption.
Case 3. β|A is constant and α|A is injection. Let β(i) = y for each i ∈ A. By previous
proposition and (e), as α|A does not converge to y there exist open sets U and V
such that
y ∈ U, cl(U) ⊂ V and B = {i: α(i) /∈ V } is uncountable.
Then α|B and β|B have no w1-accumulation point.
The proof of the theorem is completed. 
Recall that a compact Hausdorff space is called zero-dimensional if it has a basis con-
sisting of clopen subsets. Quasi-Stonean spaces are zero-dimensional. The proof of the
following corollary follows from the above theorem.
Corollary 9. Let X be a zero-dimensional completely regular Hausdorff space. The fol-
lowing propositions are equivalent:
(i) X has w1-limit separation property.
(ii) For each bijection f :X → X, card({x: f (x) = x}) N0 whenever for each clopen
subset U card(f (U)∆U)N0).
In [8] (or see [13, Theorem 166]) it has been proved that there exists a injective con-
vergent sequence α :w1 → βN \ N. By using this we give the following theorem which is
important for this work.
Theorem 10. For each infinite quasi-Stonean space X there exists a bijection f :X → X
such that
(i) card(f (U)∆U)N0 for each clopen set U ;
(ii) {x: f (x) = x} is uncountable.
Proof. It is well known that infinite quasi-Stonean space X contains a closed copy of βN.
As we mentioned above there exists a injective sequence α :w1 → βN \ N. In particular
α :w1 → X is a injective convergent sequence. From Lemma 7, X has no w1-limit separa-
tion property. Now we apply Theorem 8 to complete the proof. 
We remark that the above theorem is also true for compact Hausdorff space X which
contains a copy of βN.
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able subset A of iso(X) with cl(A) 	 βN.
A Hausdorff topological space X is called scattered if for each nonempty closed set
A has an isolated point in the relative topology A. A topological space X is called first
countable if at each point x, there is a countable local basis.
Example 1. Metric spaces, first countable spaces and scattered spaces have the β-property.
3. The main result
In this section we give main results of this paper. We start with a remark on [4, Exam-
ple 10].
Remark. In [4, Example 10] in a difficult way it is constructed a quasi-Stonean space X
without isolated points and a bijection map σ :X → X such that σ(U)∆U is countable
for each clopen set U and {x: σ(x) = x} is uncountable. In view of Theorem 10 we note
always true for any infinite quasi-Stonean space as the infinite quasi-Stonean space does
not have w1-property.
3.1. Representation of CDw(X,E) as Cb(Aw(X),E)
Theorem 12. Let X be a completely regular Lindelöf Hausdorff space and E be a locally
solid Riesz space with w1-limit separation property. Then the operator
T : CDw(X,E) → Cb
(
Aw(X),E
)
,
defined by T (f )(k, r) = fc(k) + rfd(k), is a Riesz isomorphism. In particular, if E is a
normed Riesz space then T is also isometry.
Corollary 13. Let X be completely regular Hausdorff Lindelöf space and E be a metrizable
locally solid Riesz space. Then CDw(X,E) and CDb(Aw(X),E) are Riesz isomorphic
spaces. In particular, if E is a normed Riesz space then these spaces are isometric.
As we promised in the abstract we present the Kakutani–Krein compact space of the
CDw(X) space as follows.
Theorem 14. Let X be a completely regular Lindelöf Hausdorff space. Then βAw(X) is
the Kakutani–Krein compact space of CDw(X).
3.2. Some order properties of CDw(X,E)
A Riesz space E is said to have Cantor property if for each sequence (xn) and (yn)
in E with xn  ym for each n,m ∈ N there exists z ∈ E such that xn  z  yn for each
n. For a completely regular Hausdorff space X, it is well known that Cb(X) has Cantor
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is called an F -space if the closures of any two disjoint open Fσ -sets are disjoint. The
following theorem is given in [4] for quasi-Stonean space X without isolated point. We
can generalize this as follows.
Theorem 15. Let X be a completely regular Lindelöf space. Then CDw(X) has the Cantor
property if and only if X is an F -space.
The Dedekind completion of the space CDw(X,E) is described in [7] for compact
Hausdorff space X without isolated point and a Banach lattice E. By using the previ-
ous theorem and similar arguments in [7] we can generalize the Dedekind completion of
CDw(X,E) in more general setting as follows.
Corollary 16. Let X be a completely regular Lindelöf space E be a nonzero Banach lattice.
Then:
(i) If E is Dedekind complete then the Dedekind completion of CDw(X,E) is the ideal
generated by CDw(X,E) in B(X,E), the space of functions from X into E.
(ii) CDw(X,E) is Dedekind complete if and only if X is finite and E is Dedekind com-
plete.
(iii) Let S be a Stonean space. Then the Dedekind completion of CDw(X,C(S)) is
B(X,C(S)) the space of functions from X to C(S).
Recall that the space of operators T on an Archimedean Riesz space E with |T (x)|
αT |x| for all x ∈ E and for some αT , is called center of E and it is denoted by Z(E). Z(E)
is a normed Riesz space under the norm
‖T ‖ = inf{α: ∣∣T (x)∣∣ α|x| for all x ∈ E}
and it is an AM-space with unit identity operator whenever E is uniformly complete. Let
X be a locally compact Hausdorff space and E be a Banach lattice. In [12] the cen-
ter of C0(X,E), the space of continuous functions vanish at infinity, is represented by
Cb(X,Z(E)s), where Cb(X,Z(E)s) is the space of functions f from X into Z(E) such
that f (X) is bounded and f (kα)(e) → f (k)(e) for each kα → k in X and e ∈ E under the
operator
π :Cb
(
X,Z(E)s
)→ Z(C0(X,E)), πφf (x) = φ(x)(f (x)).
Similarly, it can be shown that for an arbitrary topological space X and a Banach lattice E,
Z(Cb(X,E)) and Cb(X,Z(E)s) are isometrically Riesz isomorphic spaces. In [7] (with a
complicated way) for a compact Hausdorff space X and Banach lattice E the center of the
space CDw(X,E) is represented in terms of Z(E)-valued functions. As a Banach lattice E
has w1-limit separation property, for a compact Hausdorff space X and a Banach lattice E,
by using a similar above operator π and Corollary 13, we can give another representation
of the center of CDw(X,E) as follows.
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Then the center of CDw(X,E) and Cb(Aw(X),Z(E)s) are isometrically Riesz isomorphic
spaces.
3.3. Remarks on the conjecture and Proposition 11 in [4]
The isometries on the space CDw(X) are studied in [4] where X is a quasi-Stonean
space without isolated points. Let X and Y be compact Hausdorff spaces without isolated
points. Then for each unimodular function φ :Y → R (that is |φ(y)| = 1 for each y ∈ Y )
and homeomorphism σ :Y → X, the map defined by
πφ,σ : CD0(X) −→ CD0(Y ), πφ,σ (f ) = φf ◦ σ.
In [4] it is shown that there exists an infinity-Stonean space X and an isometry
π : CD0(X) → CD0(X) such that π cannot be represented by
π = πφ,σ
for any unimodular φ :Y → R and homeomorphism σ :Y → X. Actually we can show this
for any infinite quasi-Stonean space. We can describe the isometries on CD0(X) spaces in
terms of homeomorphism as follows.
Theorem 18. Let X and Y be compact Hausdorff spaces without isolated points and let
π : CDw(X) → CDw(Y ) be an isometry. Then there exist maps
σ :βAw(Y ) → βAw(X), σr :Y → X (r = 0,1) and φ :Y → R
such that:
(a) σ and σ0 are homeomorphisms;
(b) σ1 is bijection and φ is unimodular function;
(c) πYππ−1X (f )(y, r) = φ(y)f
(
σr(y), r
)
for each y ∈ Y , r ∈ {0,1} and πZ : CDw(Z) → Cb(Aw(Z)) defined by πZ(f )(z, r) =
fc(z)+ rfd(z) for Z ∈ {X,Y };
(d) if Y has w1-limit separation property then the set{
y: σ0(y) = σ1(y)
}
is countable.
It has been proved in [13] that for given quasi-Stonean spaces X and Y without isolated
points are homeomorphic whenever the spaces CDw(X) and CDw(Y ) are isometric spaces.
By using the Banach–Stone theorem and the above theorem, it reads as X and Y are home-
omorphic if and only if βAw(X) and βAw(Y ) are homeomorphic. We can generalize this
as follows.
Theorem 19. Let X and Y be compact Hausdorff spaces with β-property. Then there exist
finite subsets A ⊂ X and B ⊂ Y such that X \ A and Y \ B are homeomorphic whenever
βAw(X) and βAw(X) are homeomorphic.
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Conjecture. Let X be a Stonean space without isolated points and let σ :X → X be a bi-
jection satisfying the following condition: for each clopen E ⊂ X the symmetric difference
Eσ(E) is at most countable. Then there is an at most countable subset F ⊂ K such that
σ(k) = k for all k ∈ X \ F .
The above conjecture [4] have been answered by Fremlin, Schachermayer by construc-
tion of Stonean spaces. Fremlin’s construction is shorter but depends on the continuum
hypothesis, while Schachermayer’s proof is free of any additional set-theoretic axioms. To
the best of our knowledge Fremlin and Schachermayer did not publish their constructions.
However, in unpublished paper [15], it is shown that, under the continuum hypothesis there
is no infinite Stonean space which satisfies the conjecture. Now we show that in fact this is
also true without continuum hypothesis. That is:
Theorem 20. In ZFC system there is no infinite Stonean space X satisfying the conditions
of the above conjecture.
Corollary 21. In ZFC system the answer of the conjecture is negative.
A similar modification of the above conjecture has positive answer if the space X in the
conjecture is replaced by a metric space and its proof follows from Theorem 8 as metric
space has w1-property.
Theorem 22. Let X be a Lindelöf metric space. Let σ :X → X be a bijection satisfying
the following condition: for each Fσ -open set E ⊂ X the symmetric difference E  σ(E)
is at most countable. Then there is an at most countable subset F ⊂ X such that σ(k) = k
for all k ∈ X \ F .
In [3] it is claimed the following.
Claim. Let X be a Stonean space without isolated point. Then it is impossible to find a
point k ∈ X satisfying following conditions:
(i) there is a w1-sequence (transfinite net) (kα) consisting of pairwise distinct points and
converging to k;
(ii) for each index α, the closure of the set {kβ : β  α} does not contain the point k.
In unpublished paper [15] it is proved that the above claim is not true, as under the
continuum hypothesis, as each infinite quasi-Stonean space X has a X-valued convergent
sequence on w1. It should be remarked this does not effect the main results in [4]. In more
general we have the following theorem and its proof is clear.
Theorem 23. For each infinite quasi-Stonean space X there exists x ∈ X which satisfies
(i) and (ii) in above.
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In this section we give some properties of (continuous functions, topological structure
and lattice homomorphisms between them) Aw(X) that we need in the sequel. This section
is divided into three subsections. Section 4.1 deals with topological properties of Aw(X),
Section 4.2 is about the continuous functions on Aw(X) and Section 4.3 is on the homeo-
morphisms of the Aw(X)-spaces.
4.1. Topological properties of Aw(X)-spaces
Throughout this subsection X stands for completely regular Hausdorff Lindelöf space.
Here, we give some basic topological properties of the spaces Aw(X) and βAw(X).
Theorem 24. Aw(X) is a completely regular Hausdorff Lindelöf space.
Proof. Aw(X) is Lindelöf. Let (Oi)i∈I be an open cover of Aw(X). From the fact of the
basis of Aw(X), without loss of generality, we can suppose that
Oi = Ui × {0,1} \Ci or Oi ⊂ X1,
where Ci = Mi × {1} for some countable subset Mi ⊂ X and Ui is open in X. Then
X0 ⊂
⋃
i∈J
Oi,
where
J = {i: Ui × {0,1} \Ci = Oi}.
As X is Lindelöf and X and X0 are homeomorphic there exists a countable subset B ⊂ J
such that X0 ⊂⋃i∈B Oi so (⋃i∈B Oi)c ⊂⋃i∈I Ci which is countable. This shows that
Aw(X) can be covered by countably many open set 0i . Hence Aw(X) is a Lindelöf space.
Aw(X) is completely regular Hausdorff space. Let y = (x, i) ∈ Aw(X) and B ⊂ Aw(X)
be closed with y /∈ B . If i = 1 then y ∈ X1 so it is isolated point of Aw(Y ) then f =Xy is
continuous with f (B) = {0} and f (y) = 1. Let i = 0. Then there exists a neighborhood U
of x such that
(
U × {0,1} \C)∩B = ∅
for some countable subset C ⊂ X × {1}. As X completely regular Hausdorff space there
exists a continuous function f :X → [0,1] with f (x) = 1 and f (Uc) = 0. Let define
g :Aw(X) → [0,1] by g(x, r) = f (x) if (x, r) /∈ C and g(x,1) = 0 of (x,1) ∈ C. Then g
is continuous with g(y) = 1 and g(B) = {0}. Hence Aw(X) is completely regular. 
Proposition 25. Let C be a countable subset of X1 and f :N → C be a bijection. Then
βf :βN → clβ(C) is a homeomorphism. Hence βN and clβ(C) are homeomorphic.
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tinuous. As f (N) = C ⊂ βf (βN) and βf (β(N) is closed we have clβ(C) = βf (βN). Let
p,q ∈ βN with p = q . Choose L ⊂ N with
p ∈ cl(L), q /∈ cl(L), f (p) ∈ clβ
(
f (L)
)
and f (q) ∈ clβ
(
f (N \L)).
As f (L) and f (N \ L) are clopen subsets of Aw(X) their closures in βAw(X) are also
disjoint. So, βf (p) = βf (q). This shows that βf is a homeomorphism. 
Let X be a compact Hausdorff space and f,g :X → R be continuous functions. Let
A = f−1(0) and B = g−1(0) with A∩B = ∅. Then clβ(A)∩clβ(B) = ∅. By using this fact
we have the following. Let C be a countable subset of X1. As C is clopen and C ∩X0 = ∅
we have
f =XC, g =XCc and clβ(C)∩ clβ(Cc) = ∅.
As X0 ⊂ Cc we have clβ(C)∩X0 = ∅.
Now we have the following theorem.
Theorem 26. Let X be a compact Hausdorff space. If x ∈ X2 then there exists a countable
set C ⊂ X1 with x ∈ clβ(C).
Proof. As x /∈ X0 and X0 is closed in βAw(X) there exist disjoint open subsets U1 and
U2 of βAw(X) such that
x ∈ U1 and X0 ⊂ U2.
As X0 is compact we can find an open cover {W1,W2, . . . ,Wk} of X and countable subsets
C1,C2, . . . ,Ck of X1 such that
X0 ⊂
k⋃
i=1
((
Wi × {0,1}
) ∖
Ci
)⊂ U2.
Hence
U1 ∩
k⋃
i=1
(
Wi × {0,1}
)= U1 ∩ (X0 ∪X1) ⊂
k⋃
i=1
Ci = C.
Then x ∈ clβ(C ∩U1) and x ∈ clβ(C), where C is countable a subset of X1. 
Proposition 27. If O is a Lindelöf open subset of Aw(X) then there exists an open set U
in X and countable subsets C,D of X1 such that
O = ((U × {0,1}) \C)∪D.
Proof. Let U = U1 ∪ U2 where
U1 =
{(
U × {0,1}) \C ⊂ O: U ⊂ X open, C ⊂ X1 countable}
and
U2 =
{{
(x,1)
}
: (x,1) ∈ O}.
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V = {(Ui × {0,1}) \Ci : i ∈ N}∪ {{(xi,1)}: i ∈ N}
be a countable subcover of U . Then we have(⋃
i∈N
Ui × {0,1}
)∖(⋃
i∈N
Ci
)
⊂ O ⊂
(⋃
i∈N
Ui × {0,1}
)
∪C ∪ {(xi,1): i ∈ N}.
Let
U =
⋃
i∈N
Ui and C =
⋃
i∈N
Ci.
Then U is open in X and C is a countable subset of X1, (U × {0,1}) \ C ⊂ O and
D = O \ ((U × {0,1}) \C) is countable. This completes the proof. 
It is clear that the above proposition is also true for Fσ -open sets and cozero sets.
4.2. Continuous functions on Aw(X)
The following theorem will be needed in the proof of Theorem 13.
Theorem 28. Let X be a completely regular Lindelöf topological space and Y be a topo-
logical space with w1-limit separation property. If f :Aw(X) → Y is a continuous function
then {x ∈ X: f (x,0) = f (x,1)} is countable.
Proof. Suppose that {x ∈ X: f (x,0) = f (x,1)} is uncountable. Then there exists a
w1-sequence {xi : i ∈ w1} such that xi = xj for each i < j < w1 and f (xi,0) = f (xi,1)
for each i ∈ w1. As Y has w1-limit separation property there exists an uncountable subset
A ⊂ w1 such that{
f (xi,0): i ∈ A
}
and
{
f (xi,1): i ∈ A
}
have no common w1-accumulation point. Let p be a w1-accumulation point of {xi : i ∈ A}.
So f (p) is w1-accumulation point of {f (xi,0): i ∈ A} and it is not an w1-accumulation
point of {f (xi,1): i ∈ A}. Then there exist a countable set C ⊂ X × {1} and open sets
U ⊂ X, V ⊂ Y such that
p ∈ U × {0,1} \C and f (U × {0,1} \C)⊂ V
and the set{
i ∈ w1: i ∈ A, f (xi,1) ∈ V
}
is countable. As p is w1-accumulation point of {xi : i ∈ A},
L = {i ∈ A: xi ∈ U}
is uncountable. Then
L× {0,1} ⊂ U × {0,1} and f (L× {0,1} \C)⊂ V.
This is a contradiction and completes the proof. 
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Let X and Y be topological spaces. Let g,h :X → Y be bijective maps. Then we define
πg,h :Aw(X) → Aw(Y ) by πg,h(x,0) = (h(x),0) and πg,h(x,1) = (g(x),1). It is clear
that if f :Aw(X) → Aw(Y ) is bijection and f (X × {i}) = Y × {i} (i ∈ {0,1}) then there
exist bijections g,h :X → Y with f = πg,h. Moreover, g :X → Y is defined by as g(x) =
PY (f (x,0)) and h(x) = PY (f (x,1)), where PY (y, r) = y.
Theorem 29. Let X and Y be completely regular Hausdorff spaces and g,h :X → Y be
bijections. Then πg,h is continuous if and only if g is continuous and h−1(V )∆g−1(V ) is
countable for each Fσ -open subset V of Y .
Proof. Suppose that πg,h is continuous. Then clearly g is continuous. Let V be a Fσ -open
subset of Y . Then
π−1
(
V × {0,1})= (g−1(V )× {0})∪ (h−1(V )× {1})
is a Fσ -open subset of Aw(X). Then there exist an open set U in X and countable subsets
C,D of X × {1} such that(
U × {0,1} \C)∪D = (g−1(V )× {0})∪ h−1(V )× {1}.
Hence
U = g−1(V ) and h−1(V ) = (U \L)∪M,
where
C = L× {1} and D = M × {1}.
Then g−1(V )∆h−1(V ) ⊂ L∪M . So, g−1(V )∆h−1(V ) is countable.
Conversely, suppose that f is continuous and g−1(V )∆h−1(V ) is countable for each
Fσ -open set V in Y . Let x ∈ X be given, O be open in Aw(Y ) with f (x, i) = (y, i) ∈ O .
If i = 1 then f (x,1) = (y,1) ∈ O . As {(x,1)} is open in Aw(X) and f ({(x,1)}) ⊂ O ,
f is continuous at (x,1). Let O be an open set in Y with (y,0) ∈ O . Then there exists an
Fσ -open set V with y ∈ V such that
V × {0,1} \C ⊂ O
for some countable C ⊂ Y × {1}. Then we have
f−1
(
V × {0,1})= (g−1(V )× {0})∪ (h−1(V )× {1}).
L = g−1(V )∆h−1(V ) is countable and U = g−1(V ) is open (as g is continuous) and
x ∈ U . Then U × {0,1} \ (L× {1} ∪ f−1(C)) is a neighborhood of (x,0) such that
f
(
U × {0,1})∖(L× {1} ∪ f−1(C))⊂ O.
This shows that f is also continuous at (x,0) since L× {1} ∪ h−1(C) is countable. 
Theorem 30. Let X and Y be compact Hausdorff spaces without isolated points. Then the
following statements are equivalent:
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(b) Aw(X) and Aw(Y ) are homeomorphic;
(c) X and Y are homeomorphic.
In particular, if f :βAw(X) → βAw(Y ) is a homeomorphism then f (Xi) = Yi and
f (clβ(X1) = clβ(Y1) for each i ∈ {0,1}.
Proof. It is clear that (c) implies (b) and (b) implies (a).
(b) ⇒ (c). Let f :Aw(X) → Aw(Y ) be a homeomorphism. It is clear that
iso
(
Aw(X)
)= X1 and iso(Aw(Y ))= Y1
and f preserves the isolated points. Then we have that
f (Xi) = Yi for i ∈ {0,1}.
It is also clear that X is homeomorphic to X0 and Y is homeomorphic to Y0. Hence X is
homeomorphic to Y .
(a) ⇒ (c). Now let f be a homeomorphism from βAw(X) to βAw(Y ). As in above
iso
(
βAw(X)
)= X1 and iso(βAw(Y ))= Y1
and we have f (X1) = Y1.
Then
f
(
clβ(X1)
)= clβ(Y1).
For a compact Hausdorff space Z = X or Z = Y , as
Z1 ∪Z2 =
⋃{
clβ(C): C ⊂ Z1 countable
}
and
clβ(C)∩Z0 = ∅ (C ⊂ Z countable)
we have
f (X1 ∪X2) = Y1 ∪
{
clβ
(
f (C)
)
: C ⊂ X1 countable
}
and
f (Xi) = Yi for i ∈ {0,1,2}.
This implies that X and Y are homeomorphic as X0 and Y0 are homeomorphic. This com-
pletes the proof. 
Theorem 31. Let X and Y be compact Hausdorff spaces and f :βAw(X) → βAw(Y )
be a homeomorphism. If there is no countable subset C ⊂ iso(X) ∪ iso(Y ) with βN is
homeomorphic to clX(C) (or clY (C)) then there are finite subsets F ⊂ X and G ⊂ Y such
that for each i ∈ {0,1}
f
(
(X \ F)× {i})= (Y \G)× {i},
and
f (X2) = Y2 and f
(
F × {0,1})= G× {0,1}.
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f (X1) ⊂ Y1 ∪
(
iso(Y )× {0}).
Then
G1 = f (X1)∩ Y × {0} and F1 = f−1(Y1)∩
(
X × {0})
are finite. This follows from the following fact. Suppose that there is an infinite subset C
of X such that
f
(
C × {1})⊂ iso(Y )× {0}.
Then
βN 	 clβC 	 cl
(
f (C)
)
.
This is a contradiction to the assumption and shows that G1 is finite. Similarly it is shown
that F1 is finite. Let
F = {k: (k,0) ∈ F1}∪ {x: f (x,1) ∈ G1}
and
G = {k: (k,0) ∈ G1}∪ {k: f−1(k,1) ∈ F1}.
Then F and G are finite and
f
(
(X \ F)× {i})= (Y \G)× {i}, i = 0,1.
Let x ∈ X2. Then from Theorem 26 there exists a countable set C ⊂ X1 such that
x ∈ clβ(C). As x /∈ Aw(X) we have
x ∈ clβ
(
C \ (F × {1})).
Then, as f (C \ (F × {1})) is a countable subset of Y1 we have
f (x) ∈ Y2.
By using the above argument for f−1 we get
f (X2) = Y2.
This implies that
f
(
F × {0,1})= G× {0,1}
and completes the proof. 
5. Proof of the main theorems
Proof of Theorem 12. From the above lemma, the map T : CDw(X,E) → Cb(Aw(X,E))
defined by
T (f )(k, r) = fc(k)+ rfd(k)
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h ∈ Cb(Aw(K)) be given. Define
f (k) = h(k,0) and p(k) = h(k,1)− h(k,0).
By Theorem 25 it is easy to see that f ∈ C(X), also d ∈ l∞w (X), T ((f,p)) = h and
‖T (h)‖ = ‖h‖ hold. This completes the proof. 
Proof of Theorem 14. As Aw(X) is a completely regular Hausdorff space, from Theo-
rem 9, CDw(X) and C(βAw(X)) are isometrically Riesz isomorphic spaces. This com-
pletes the proof. 
Proof of Theorem 15. As for a completely regular Hausdorff space X, Cb(X) has Cantor
property if and only if K is an F -space the proof immediately follows from Lemma 16. 
Proof of Theorem 18. We can identify the space Cb(Aw(Z)) with C(βAw(Z)) for Z ∈
{X,Y }. Then φ = π(1) is a unimodular function and
π(f ) = φf ◦ σ
for some homeomorphism σ :βAw(Y ) → βAw(X). By using Theorem 29, we have
σ(y, r) = (σr(y), r), y ∈ Y, r ∈ {0,1},
where σ0 :Y → X is a homeomorphism and σ1 :Y → X is bijective. It is easy to see that
for each Fσ -open set U ⊂ X
card
(
σ−10 (U)∆σ
−1
1 (U)
)
N0.
Then
card
(
U∆σ0σ
−1
1 (U)
)
N0
for each Fσ -open set U ⊂ X. As X has w1-limit separation property, from Theorem 8{
x: x = σ0 ◦ σ−11 (x)
}
is countable. So
{
y: σ0(y) = σ1(y)
}
is countable. This completes the proof. 
Proof of Theorem 19. The proof of this theorem immediately follows from Theo-
rem 31. 
Proof of Theorem 20. The proof immediately follows from Theorem 10. 
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1. By using similar arguments as in this paper Theorem 12 can be generalized as follows.
Let E be a Banach lattice and X be a compact Hausdorff space and let α be a cardinal
number. Let l∞α (X,E) be space of E-valued bounded functions f on X with the cardinal
number of suppf is at most α and Aα(X) be a topological space on X × {0,1} generated
by the sets H × {1},U × {0,1} − M × {1} where H,U,M ⊂ X, U open in K and the
cardinal number of M is at most α. Then the AM-space C(K,E) × l∞α (X,E) (the order
and norm defined as in Theorem 1) isometrically Riesz isomorphic to Cb(Aα(X)).
2. Cantor property for Riesz spaces and F -space can be generalized as taking infin-
ity cardinal α instead of w0 (= cardinal number of a countably infinite set). In this case
Cb(Aw(X)) has α-Cantor property if and only if K is an α–F -space.
3. It is natural to ask that for what type of compact Hausdorff space X the Dedekind
completion of the space C(X) is B(S), the space of real valued bounded functions on S.
We shall call such a Hausdorff space X as an AW -space (Abramovich–Wickstead space).
βAw(X) spaces are examples of AW-spaces. Moreover, it is easy to see that for each infin-
ity cardinal number α the Dedekind completion of CDα(X) is B(X). This supplies many
examples of AW-spaces as the βAα(X) is an AW-space. The universal completion of the
space C(βAαX) is RX , the space of real-valued functions on X.
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